Abstract. New properties of some functionals associated to the Hermite-Hadamard integral inequality for convex functions are given.
Introduction
Now for a given convex function f : [a, b] → R, let H : [0, 1] → R be defined by
The following theorem holds (see also [11] , [13] , [19] and [28] ): 
H(t)dt
hold.
Now, we shall introduce another mapping which is connected with H and the H. −H. result.
Let f : I ⊆ R → R be a convex function and a, b ∈ I with a < b. Define the mapping G : [0, 1] → R, given by G(t) := 1 2 f ta + (1 − t) a + b 2 + f (1 − t) a + b 2 + tb .
The following theorem contains some properties of this mapping [28] :
Theorem 2. Let f and G be as above. Then (i) G is convex and monotonically increasing on [0, 1]; (ii) We have the bounds:
(iii) One has the inequality
(iv) One has the inequalities
Now, we shall consider another mapping associated with the Hermite-Hadamard inequality given by L :
where f : I ⊆ R → R and a, b ∈ I with a < b.
The following theorem also holds [28] :
With the above assumptions one has:
(ii) We have the inequalities:
for all t ∈ [0, 1] and the bound:
(iii) One has the inequalities:
Now, we shall introduce another mapping defined by a double integral in connection with the Hermite-Hadamard inequalities:
The following theorem holds [19] (see also [13] ): 
(iv) The following inequality holds: 
In what follows, we shall point out some reverse inequalities for the mappings H, G, L and F considered above. We shall start with the following result [17] (see also [58] ).
Theorem 5. Let f : I ⊆ R → R be a convex mapping on I and a, b ∈ I • with a < b. Then we have the inequality:
Corollary 1. With the above assumptions, one has
which is the well-known Bullen result [62, p.140] .
Another theorem of this type in which the mapping G defined above is involved, is the following one: Theorem 6. Let f : I ⊆ R → R be a convex mapping on I and a, b ∈ I • with a < b. Then we have the inequality:
Proof. It is sufficient to prove the above inequality for differentiable convex functions. By the convexity of f , we have that
Integrating this inequality over x on [a, b] one gets
As a simple calculation (an integration by parts) yields that
then, the above inequality gives us the desired result (1.6).
Remark 2. If in the above inequality we choose t = 1, we also recapture Bullen's result [62, p.140 ].
Some New Results
Now, we shall investigate the case of the mapping F defined by the use of double integrals ( [17] and [58] ) Theorem 7. Let f : I ⊆ R → R be a convex mapping on I and a, b ∈ I • with a < b. Then we have the inequality:
for all t ∈ [0, 1].
Proof. As above, it is sufficient to prove the above inequality for differentiable convex functions. Thus, for all x, y ∈ (a, b) and f ∈ [0, 1] we have:
Integrating this inequality on [a, b] 2 over x and y, we obtain
As a simple computation shows that
the above inequality gives us that
for all t ∈ [0, 1]. As F (t) = F (1 − t) for all t ∈ [0, 1], if we replace in the above inequality t with 1 − t we get the desired result (2.1).
Corollary 2.
With the above assumptions, one has:
Now, let us define the mapping
We have the following result:
Theorem 8. Let f and a, b ∈ I
• be as above. Then we have the inequality:
Proof. As above, it is sufficient to prove the above inequality for differentiable convex functions. By the convexity of f on [a, b] we have that
for all x, y ∈ (a, b) and t ∈ [0, 1]. If we integrate over x and y on [a, b] 2 , we get that:
which gives us that:
for all t ∈ [0, 1]. Define
Note that, for t = 1, the inequality (2.2) is obvious. Assume that t ∈ [0, 1). Integrating by parts, we get that:
Thus, we deduce that
We also have
and thus
Now, we get that
and the theorem is proved.
Corollary 3.
With the above assumptions, we have:
Finally, the following theorem holds.
Theorem 9. Let f : I ⊆ R → R be a convex function on I and a, b ∈ I
• with a < b. Then one has the inequality
for all t ∈ (0, 1).
Proof. As above, we can prove the inequality (2.3) only for the case where f is a differentiable convex function. By the convexity of f we have that:
for all x, y ∈ (a, b) and t ∈ [0, 1]. If we integrate the inequality (2.4) over x, y on [a, b] 2 we can deduce
Then we have I(t) = I 1 (t) − I 2 (t) for all t ∈ [0, 1]. An integration by parts gives us that
Also, by an integration by parts, we have:
then we obtain:
Thus, we have for all t ∈ (0, 1), which is equivalent with the desired inequality (2.3).
